Abstract. The main contribution of this paper is a new "extrinsic" digital fundamental group that can be readily generalized to define higher homotopy groups for arbitrary digital spaces. We show that the digital fundamental group of a digital object is naturally isomorphic to the fundamental group of its continuous analogue. In addition, we state a digital version of the Seifert-Van Kampen theorem.
Introduction
Thinning is an important pre-processing operation in pattern recognition whose goal is to reduce a digital image into a "topologically equivalent skeleton". In particular, thinning algorithms must preserve "tunnels" when processing threedimensional digital images. As it was pointed out in [4] , this requirement can be correctly established by means of an appropriate digital counterpart of the classical fundamental group in algebraic topology; see [11] .
The first notion of a digital fundamental group (and even of higher homotopy groups) is dued to Khalimsky ([3] ). He gave an "extrinsic" definition of this notion for a special class of digital spaces based on a topology on the set Z Z n , for every positive integer n. However, this approach is not suitable for other kinds of digital spaces often used in image processing, as the (α, β)-connected spaces, where (α, β) ∈ { (4, 8) , (8, 4 )} if n = 2 and (α, β) ∈ { (6, 26) , (26, 6) , (6, 18) , (18, 6)} if n = 3. Within the graph-theoretical approach to Digital Topology, Kong solved partially this problem in [4] by defining an "intrinsic" digital fundamental group for the class of strongly normal digital picture spaces (SN-DPS), which include as particular cases both the (α, β)-connected spaces and the 2-and 3-dimensional Khalimsky's spaces. Nevertheless, Kong's definition seems not be general enough to give higher homotopy groups.
The goal of this paper is to introduce, via the framework of the multilevel architecture for Digital Topology in [2] , a new notion of digital fundamental ? This work has been partially supported by the projects DGICYT PB96-1374 and DGES PB96-0098C04-01.
group (denoted by π d 1 ) that, at least from a theoretical point of view, presents certain advantages over the notions of Khalimsky and Kong. Firstly, the group π d 1 is defined by using an "extrinsic" setting that can be readily generalized to define higher digital homotopy groups (see Section 3). Secondly, this group is available on a larger class of digital spaces than Khalimsky's and Kong's digital fundamental groups, since the digital spaces described in the multilevel architecture quoted above include as examples all Khalimsky's spaces and the (α, β)-connected spaces (see [1] ), and even most of the SN-DPS. And finally, our digital fundamental group of a digital object O turns out to be naturally isomorphic to the fundamental group of its continuous analogue; that is, of the continuous object perceived when one looks at O (see Section 4) . This isomorphism shows that the group π d 1 is an appropriate counterpart of the ordinary fundamental group in continuous topology. In particular, this fact leads us to obtain a (restricted) digital version of the Seifert-Van Kampen Theorem (see Section 5) . Although this theorem provides a powerful theoretical tool to obtain the group π d 1 for certain digital objects, it remains as an open question to find an algorithm that computes this group for arbitrary objects; that is, to resemble in our framework the well-known algorithm for the fundamental group of polyhedra ( [8] ). This problem could be tackled by adapting to our multilevel architecture the algorithm recently developed by Malgouyres in [7] , which computes a presentation of the digital fundamental group of an object embedded in an arbitrary graph.
The multilevel architecture
In this section we briefly summarize the basic notions of the multilevel architecture for digital topology developed in [2] as well as the notation that will be used through all the paper.
In that architecture, the spatial layout of pixels in a digital image is represented by a device model, which is a homogeneously n-dimensional locally finite polyhedral complex K. Each n-cell in K is representing a pixel, and so the digital object displayed in a digital image is a subset of the set cell n (K) of n-cells in K. A digital space is a pair (K, f ), where K is a device model and f is weak lighting function defined on K. The function f is used to provide a continuous interpretation, called continuous analogue, for each digital object O ⊆ cell n (K). Next we recall the notion of weak lighting function. For this we need the following notation.
Let K be a device model and γ, σ cells in K. We shall write γ ≤ σ if γ is a face of σ, and γ < σ if in addition γ = σ. If | K | denotes the underlying polyhedron of K, a centroid-map is a map c : K → | K | such that c(σ) belongs to the interior of σ; that is, c(σ) ∈ σ − ∂σ, where ∂σ = ∪{γ; γ < σ} stands for the boundary of σ. Given a cell α ∈ K and a digital object O ⊆ cell n (K), the star of α in O and the extended star of α in O are respectively the digital objects st n (α; O) = {σ ∈ O; α ≤ σ} and st ease the writing, we shall use the following notation: supp(K) = supp(cell n (K)), st n (α; K) = st n (α; cell n (K)) and st * n (α; K) = st * n (α; cell n (K)). Finally, we shall write P(A) for the family of all subsets of a given set A.
Given a device model K, a weak lighting function (w.l.f.) on K is a map f : P(cell n (K)) × K → {0, 1} satisfying the following five properties for all O ∈ P(cell n (K)) and α ∈ K:
is not empty and connected in ∂α; moreover,
Notice that this strong local condition implies both properties 4 and 5 in the definition above.
To define the continuous analogue of a given digital object O in a digital space (K, f ), we need to introduce several other intermediate models (the levels of this multilevel architecture) as follows.
The device level of O is the subcomplex For the sake of simplicity, we will usually drop "f " from the notation of the levels of an object. Moreover, for the whole object cell n (K) we will simply write L K , C K and A K for its levels. Example 1. In this paper it will be essential the role played by the archetypical device model R n , termed the standard cubical decomposition of the Euclidean n-space IR n . Recall that the device model R n is the complex determined by the collection of unit n-cubes in IR n whose edges are parallel to the coordinate axes and whose centers are in the set Z Z n . The centroid-map we will consider in R associates to each cube σ its barycenter c(σ). In particular, if dim σ = n then c(σ) ∈ Z Z n , where dim σ stands for the dimension of σ. So that, every digital object O in R n can be identified with a subset of points in Z Z n . Henceforth we shall use this identification without further comment. In particular, we shall consider the family of digital spaces (R n , g), for every positive integer n, where g is the w.l.f. given by g(O, α) = 1 if and only if st n (α; R n ) ⊆ O, for any digital object O ⊆ cell n (R n ) and any cell α ∈ R n . Notice that the w.l.f. g induces in R n the (2n, 3 n − 1)-connectedness (see [1, Def. 11] ); that is, the generalization to arbitrary dimension of the (4, 8)-connectedness on Z Z 2 .
A digital fundamental group
We next introduce an "extrinsic" digital fundamental group that readily generalizes to higher digital homotopy groups of arbitrary digital spaces. For this purpose, we will first define a digital-map (Def. 2), and then we will focus our interest in a special class of such digital-maps termed digital homotopies (Defs. 6 and 7).
The light body of K shaded with S is the set of cells
The composition of digital maps is a digital map. Namely, if
naturally induces a simplicial map between the simplicial analogues of
) is the digital space defined in Example 1.
Notice that the simplicial analogue of an r-window V x r of R m is (simplicially isomorphic to) a triangulation of a unit n-cube, where n is the number of non-zero coordinates in r (see Figure 1) . Moreover, the set {y ∈ Z m ; x y x + r} are the centroids of the cells in Lb(V 
With this notation we are now ready to give "extrinsic" notions of walks and loops, in a digital object, which will lead us to the definition of a digital fundamental group.
Notice that the notion of a S-walk is compatible with the definition of Spath given in [1, Def. 5] . Actually, each S-walk φ r defines a S-path given by the sequence ϕ(φ r ) = (φ r (σ 2i )) r i=0 . And, conversely, a S-path (τ i ) r i=0 in O can be associated with a family Φ r of S-walks such that φ r ∈ Φ r if and only if
. However, this "extrinsic" notion of S-walk will be more suitable to define the digital fundamental group of an object since, together with the notion of r-window, it allows us to introduce the following definition of digital homotopy. The proof of this proposition, although it is not immediate, can be directly obtained from definitions by means of an inductive argument. Moreover, from Proposition 8 and the remarks above, it can be easily derived that d-homotopy defines an equivalence relation in the set of S-walks in O of arbitrary length. So, we next introduce the digital fundamental group as follows. 
This clearly sets up an equivalence relation between edge-paths, and the set of equivalence classes [α] of edge-loops α in K, based at a vertex v 0 , forms a group π 1 (K, v 0 ) with respect to the juxtaposition of edge-loops. This group will be called the edge-group of K. Moreover it can be proved 
Corollary 12. Let O, S be two disjoint digital objects of a digital space
The proof of this corollary is a consequence of Theorem 11 and next lemma.
This lemma is actually Lemma 72.2 in [9] applied to the full subcomplex K ∩ L ⊆ K (this fact is shown using that L is full in J).
We are now ready to prove the main result of this paper. Namely,
Theorem 14. Let O be a digital object in the digital space (K, f ). Then there exists an isomorphism
The function h is defined as follows. Let φ r be any ∅-loop in O based at σ. (1), (2), show that the function h is a well defined homomorphism of groups.
(
is also a constant edge-loop.
Lemma 15. If φ r d φ s are equivalent ∅-loops then c(φ r ) and c(φ s ) define both the same element in π 1 (| A O |, c(σ)).
Proof. According to (2) 
. By the use of γ we define the following set F (γ) of ∅-loops at σ of length r.
The set F (γ) consists of all ∅-loops φ r for which 
Proof. Let us consider the set F (γ) of edge-loops
Notice that {c(φ r ); φ r ∈ F (γ)} ∪ {γ} ⊆ F (γ). Since γ was obtained from γ by transformations of types (a) and (b), they are equivalent edge-loops by Theorem 11. So, it will suffice to show that α is homotopic to γ, for any α ∈ F (γ). This will be done by induction on the number t(α) of vertices α 2i = γ 2i in α.
For t(α) = 0 we get α = γ. Assume that α ∈ F (γ) is equivalent to γ if t(α) ≤ t − 1. Then, for an edge-loop α ∈ F (γ) with t(α) = t let α 2i any vertex in α such that α 2i = γ 2i . Then we have γ 2i+1 , γ 2i−1 < γ 2i < α 2i , and we obtain a new edge-loopα ∈ F (γ), replacing α 2i by γ 2i in α, with t(α) = t − 1 and two equivalence transformations of type (b) relating α andα. Hence α is an edge-loop equivalent toα and, by induction hypothesis, to γ.
Proof. It is enough to observe that the map H : Lb(
2 is the centroid of a cell α ∈ Lb(V (r,1) /∅).
Lemma 18. Let γ 1 and γ 2 be two edge-loops at c(σ) in A O such that they are related by an equivalence transformation of type (a) or (b). Then there exist ∅-loops
Proof. In case γ 1 is related to γ 2 by a transformation of type (a), it is readily checked that γ 1 = γ 2 . Hence F (γ 1 ) = F (γ 2 ) and the result follows. And it suffices to check the essentially distinct twelve ways for deriving γ 2 from γ 1 by transformations of type (b) to complete the proof.
A Digital Seifert-Van Kampen Theorem
The Seifert-Van Kampen Theorem is the basic tool for computing the fundamental group of a space which is built of pieces whose groups are known. The statement of the theorem involves the notion of push-out of groups, so we begin by explaining this bit of algebra. A group G is said to be the push-out of the solid arrow commutative diagram 
. By using explicit presentations of the groups π 1 (K i , v 0 ) (i = 0, 1, 2) the Seifert-Van Kampen Theorem can be restated as follows. Suppose there are pre-
Then the fundamental group of K has the presentation 
However we can easily derive a Digital Seifert-Van Kampen Theorem for certain objects in a quite large class of digital spaces. Namely, the locally strong digital spaces; that is, the digital spaces (K, f ) for which the lighting function f satisfies f (O, α) = f (st n (α; O), α). We point out that all the (α, β)-connected digital spaces on Z Z 3 defined within the graph-theoretical approach to Digital Topology, for α, β ∈ {6, 18, 26}, are examples of locally strong digital spaces; see O, σ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Future work
The Digital Seifert-Van Kampen Theorem provides us a theoretical tool that, under certain conditions, computes the digital fundamental group of an object. Nevertheless, the effective computation of the digital fundamental group requires an algorithm to compute a presentation of this group directly at the object's logical level. In a near future we will intend to develop such an algorithm for general digital spaces, as well as to compare the digital fundamental group in Def. 9 with those already introduced by Khalimsky [3] and Kong [4] .
Fig. 2.
A digital object for which the Digital Seifert-Van Kampen Theorem does not hold.
